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Abstrat
We analyse the moduli spae and the struture of nonommuta-
tive 3-spheres. We develop the notion of entral quadrati form for
quadrati algebras, and prove a general algebrai result whih onsid-
erably renes the lassial homomorphism from a quadrati algebra
to a ross-produt algebra assoiated to the harateristi variety and
lands in a riher ross-produt. It allows to ontrol the C∗-norm on
involutive quadrati algebras and to onstrut the dierential alu-
lus in the desired generality. The moduli spae of nonommutative
3-spheres is identied with equivalene lasses of pairs of points in
a symmetri spae of unitary unimodular symmetri matries. The
saling foliation of the moduli spae is identied to the gradient ow
of the harater of a virtual representation of SO(6). Its generi or-
bits are onneted omponents of real parts of ellipti urves whih
form a net of biquadrati urves with 8 points in ommon. We show
that generially these urves are the same as the harateristi vari-
ety of the assoiated quadrati algebra. We then apply the general
theory of entral quadrati forms to show that the nonommutative
3-spheres admit a natural ramied overing pi by a nonommutative 3-
dimensional nilmanifold. This yields the dierential alulus. We then
ompute the Jaobian of the ramied overing pi by pairing the diret
image of the fundamental lass of the nonommutative 3dimensional
nilmanifold with the Chern harater of the dening unitary and ob-
tain the answer as the produt of a period (of an ellipti integral) by a
rational funtion. Finally we show that the hypernite fator of type
II1 appears as ross-produt of the eld Kq of meromorphi funtions
on an ellipti urve by a subgroup of its Galois group AutC(Kq).
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1 Introdution
Nonommutative Dierential Geometry is a growing subjet entering around
the exploration of a new kind of geometri spaes whih do not belong to the
lassial geometri world. The theory is resting on large lasses of examples
as well as on the elaboration of new general onepts. The main soures of
examples so far have been provided by:
1) A general priniple allowing to understand diult quotients of lassi-
al spaes, typially spaes of leaves of foliations, as nonommutative
spaes.
2) Deformation theory whih provides rih soures of examples in parti-
ular in the ontext of quantization" problems.
2
3) Spaes of diret relevane in physis suh as the Brillouin zone in the
quantum Hall eet, or even spae-time as in the ontext of the stan-
dard model with its Higgs setor.
We reently ame aross a whole lass of new nonommutative spaes dened
as solutions of a basi equation of K-theoreti origin. This equation was at
rst expeted to admit only ommutative (or nearly ommutative) solutions.
Whereas lassial spheres provide simple solutions of arbitrary dimension d,
it turned out that when the dimension d is ≥ 3 there are very interesting
new, and highly nonommutative, solutions. The rst examples were given
in [10℄, and in [9℄ (hereafter refered to as Part I) we began the lassia-
tion of all solutions in the 3-dimensional ase, by giving an exhaustive list
of nonommutative 3-spheres S3
u
, and analysing the ritial" ases. We also
explained in [9℄ a basi relation, for generi values of our modulus" u, be-
tween the algebra of oordinates on the nonommutative 4-spae of whih S3
u
is the unit sphere, and the Sklyanin algebras whih were introdued in the
ontext of totally integrable systems.
In this work we analyse the struture of nonommutative 3-spheres S3
u
and of
their moduli spae. We started from the above relation with the Sklyanin al-
gebras and rst omputed basi yli ohomology invariants using θ-funtions.
The invariant to be omputed was depending on an ellipti urve (with mod-
ulus q = eπ i τ ) and several points on the urve. It appeared as a sum of 1440
terms, eah an integral over a period of a rational fration of high degree (16)
in θ-funtions and their derivatives. After omputing the rst terms in the
q-expansion of the sum, (with the help of a omputer3), and fatoring out
basi ellipti funtions of the above parameters, we were left with a salar
3
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funtion of q, starting as,
q3/4 − 9 q11/4 + 27 q19/4 − 12 q27/4 − 90 q35/4 + . . .
in whih one reognises the 9th power of the Dedekind η-funtion.
We then gradually simplied the result (with η9 appearing as an integration
fator from the derivative of the Weierstrass ℘-funtion) and elaborated the
onepts whih diretly explain the nal form of the result.
The main new oneptual tool whih we obtained and that we develop in
this paper is the notion of entral quadrati form for quadrati algebras
(Denition 6). The geometri data {E , σ , L} of a quadrati algebra A is a
standard notion ([14℄, [3℄, [19℄) dened in suh a way that the algebra maps
homomorphially to a ross-produt algebra obtained from setions of pow-
ers of the line bundle L on powers of the orrespondene σ. We shall prove
a purely algebrai result (Lemma 7) whih onsiderably renes the above
homomorphism and lands in a riher ross-produt. Its origin an be traed
as explained above to the work of Sklyanin ([17℄) and Odesskii-Feigin ([14℄).
Our onstrution is then rened to ontrol the C∗-norm (Theorem 10) and
to onstrut the dierential alulus in the desired generality (setion 8). It
also allows to show the pertinene of the general spetral" framework for
nonommutative geometry, in spite of the rather esoteri nature of the above
examples.
We apply the general theory of entral quadrati forms to show that the
nonommutative 3-spheres S3
u
admit a natural ramied overing π by a non-
4
ommutative 3-manifold M whih is (in the even ase, f. Proposition 12)
isomorphi to the mapping torus of an outer automorphism of the nonommu-
tative 2-torus T 2η . It is a nonommutative version of a nilmanifold (Corollary
13) with a natural ation of the Heisenberg Lie algebra h3 and an invariant
trae. This overing yields the dierential alulus in its transendental"
form.
Another important novel onept whih plays a basi role in the present
paper is the notion of Jaobian for a morphism of nonommutative spaes,
developed from basi ideas of nonommutative dierential geometry [5℄ and
expressed in terms of Hohshild homology (setion 7). We ompute the
Jaobian of the above ramied overing π by pairing the diret image of
the fundamental lass of the nonommutative 3-dimensional nilmanifold M
with the Chern harater of the dening unitary and obtain the answer as the
produt of a period (of an ellipti integral) by a rational funtion (Theorem 15
and Corollary 16). As explained above, we rst omputed these expressions
in terms of ellipti funtions and modular forms whih led us in order to
simplify the results to extend the moduli spae from the real to the omplex
domain, and to formulate everything in geometri terms.
The leaves of the saling foliation of the real moduli spae then appear as
the real parts of a net of degree 4 ellipti urves in P3(C) having 8 points in
ommon. These ellipti urves turn out to play a fundamental role and to
be losely related to the ellipti urves of the geometri data (f. Setion 4)
of the quadrati algebras whih their elements label. In fat we rst diretly
ompared the j-invariant of the generi bers (of the saling foliation) with
the j-invariant of the quadrati algebras, and found them to be equal. This
equality is surprising in that it fails in the degenerate (non-generi) ases,
where the harateristi variety an be as large as P3(C). Moreover, even in
5
the generi ase, the two notions of real" points, either in the ber or in the
harateristi variety are not the same, but dual to eah other. We eventu-
ally explain in Theorem 5 the generi oinidene between the leaves of the
saling foliation in the omplexied moduli spae and the harateristi vari-
eties of the assoiated quadrati algebras. This Theorem 5 also exhibits the
relation of our theory with iterations of a spei birational automorphism
of P3(C), dened over Q, and restriting on eah ber as a translation of this
ellipti urve. The generi irrationality of this translation and the nature of
its diophantine approximation play an important role in setions 7 and 8.
Another important result is the appearane of the hypernite fator of type
II1 as ross-produt of the eld Kq of meromorphi funtions on an ellipti
urve by a subgroup of the Galois group AutC(Kq), (Theorem 14) and the de-
sription of the dierential alulus in general (Lemma 19) and in rational"
form on S3
u
(Theorem 21). The detailed proofs together with the analysis
of the spetral geometry of S3
u
and of the C∗-algebra C∗(S3
u
) will appear in
Part II.
2 The Real Moduli Spae of 3-Spheres S3
u
Let us now be more spei and desribe the basi K-theoreti equation
dening our spheres. In the simplest ase it asserts that the algebra A of
oordinates" on the nonommutative spae is generated by a self-adjoint
idempotent e, (e2 = e, e = e∗) together with the algebra M2(C) of two by
two salar matries. The only relation is that the trae of e vanishes, i.e. that
the projetion of e on the ommutant of M2(C) is zero. One shows that A is
then the algebra M2(Calg(S
2)) where Calg(S
2) is the algebra of oordinates
6
on the standard 2-sphere S2.
The general form of the equation distinguishes two ases aording to the
parity of the dimension d. In the even ase the algebra A of oordinates"
on the nonommutative spae is still generated by a projetion e, (e2 = e,
e = e∗) and an algebra of salar matries, but the dimension d = 2k appears
in requiring the vanishing not only of the trae of e, but of all omponents
of its Chern harater of degree 0, . . . , d − 2. This of ourse involves the
algebrai (yli homology) formulation of the Chern Charater.
The Chern harater in yli homology [5℄, [7℄,
ch∗ : K∗(A)→ HC∗(A) (2.1)
is the nonommutative geometri analogue of the lassial Chern harater.
We desribe it in the odd ase whih is relevant in our ase d = 3. Given a
nonommutative algebra A, an invertible element U inMd(A) denes a lass
in K1(A) and the omponents of its Chern harater are given by,
h
n
2
(U) = U i0i1 ⊗ V i1i2 ⊗ · · · ⊗ U in−1in ⊗ V ini0
− V i0i1 ⊗ U i1i2 ⊗ · · · ⊗ V in−1in ⊗ U ini0 (2.2)
where V := U−1 and summation over repeated indies is understood.
By a nonommutative n-dimensional spherial manifold (n odd), we mean
the nonommutative spae S dual to the ∗-algebra A generated by the om-
ponents U ij of a unitary solution U ∈ Md(A), d = 2
n−1
2
, of the equation
h k
2
(U) = 0 , ∀k < n , k odd , hn
2
(U) 6= 0 (2.3)
whih is the nonommutative ounterpart of the vanishing of the lower Chern
lasses of the Bott generator of the K-theory of lassial odd spheres.
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The moduli spae of 3-dimensional spherial manifolds appears naturally as
a quotient of the spae of symmetri unitary matries
S := {Λ ∈M4(C) | Λ = Λt , Λ∗ = Λ−1 } (2.4)
Indeed for any Λ ∈ S let U(Λ) be the unitary solution of (2.3) given by
U = 1l2 ⊗ z0 + iσk ⊗ zk (2.5)
where σk are the usual Pauli matries and the presentation of the involutive
algebra Calg(S
3(Λ)) generated by the zµ is given by the relations
U∗ U = U U∗ = 1 , zµ∗ = Λµνz
ν
(2.6)
We let A := Calg(R4(Λ)) be the assoiated quadrati algebra, generated by
the zµ with presentation,
U∗ U = U U∗ ∈ 1l2 ⊗A , zµ∗ = Λµνzν (2.7)
where 1l2 is the unit ofM2(C). The element r
2 :=
∑3
µ=0 z
µzµ∗ =
∑3
µ=0 z
µ∗zµ
is in the enter of Calg(R
4(Λ)) (f. Part I) and the additional inhomogeneous
relation dening Calg(S
3(Λ)) is r2 = 1.
By Part I Theorem 1, any unitary solution of (2.3) for n = 3 is a homomorphi
image of U(Λ) for some Λ ∈ S. The transformations
U 7→ λU with λ = eiϕ ∈ U(1) (2.8)
U 7→ V1 U V2 with V1, V2 ∈ SU(2) (2.9)
U 7→ U∗ (2.10)
8
at on the spae of unitary solutions of (2.3) and preserve the isomorphism
lass of the algebra Calg(S
3(Λ)) and of the assoiated quadrati algebra
Calg(R
4(Λ)). Transformation (2.8) orresponds to
Λ 7→ e−2iϕ Λ (2.11)
Transformation (2.9) indues zµ 7→ Sµν zν with S ∈ SO(4) whih in turn
indues
Λ 7→ S ΛSt , S ∈ SO(4) (2.12)
Finally (2.10) reverses the orientation" of S3(Λ) and orresponds to
Λ 7→ Λ−1 (2.13)
We dene the real moduli spae M as the quotient of S by the transfor-
mations (2.11) and (2.12), and the unoriented real moduli spae M ′ as its
quotient by (2.13).
By onstrution the spae S is the homogeneous spae U(4)/O(4), with U(4)
ating on S by
Λ 7→ V ΛV t (2.14)
for Λ ∈ S and V ∈ U(4). The oneptual desription of the moduli spaes
M and M ′ requires taking are of ner details. We let θ be the involution
of the ompat Lie group SU(4) given by omplex onjugation, and dene
the losed subgroup K ⊂ SU(4) as the normaliser of SO(4) ⊂ SU(4), i.e. by
the ondition
K := {u ∈ SU(4) | u−1 θ(u) ∈ Z} (2.15)
where Z is the enter of SU(4). The quotientX := SU(4)/K is a Riemannian
globally symmetri spae (f. [13℄ Theorem 9.1, Chapter VII). One has Z ⊂
K but the image of K in U := SU(4)/Z is disonneted. Indeed, besides
Z · SO(4) the subgroup K ontains the diagonal matries with {v, v, v, v−3}
as diagonal elements, where v is an 8th root of 1.
9
Proposition 1 The real moduli spae M (resp. M ′) is anonially iso-
morphi to the spae of ongruene lasses of point pairs under the ation
of SU(4) (resp. of isometries) in the Riemannian globally symmetri spae
X = SU(4)/K.
This gives two equivalent desriptions of M as the orbifold quotient of a
3-torus by the ation of the Weyl group of the symmetri pair.
In the rst (A3) we identify the Lie algebra su(4) = Lie(SU(4)) with the
Lie algebra of traeless antihermitian elements of M4(C). We let d be the
Lie subalgebra of diagonal matries, it is a maximal abelian subspae of
su(4)− = {X ∈ su(4)|θ(X) = −X}. The Weyl group W of the symmetri
pair (SU(4), K) is isomorphi to the permutation group S4 ating on d by
permutation of the matrix elements. The 3-torus TA is the quotient,
TA := d /Γ , Γ = {δ ∈ d|eδ ∈ K} (2.16)
and the isomorphism of TA /W with M is obtained from,
σ(δ) := e2δ ∈ S ∀δ ∈ d (2.17)
The lattie Γ is best expressed as Γ = {δ ∈ d|〈δ, ρ〉 ∈ πiZ, ∀ρ ∈ ∆} in terms
of the roots ρ of the pair (SU(4), K) where the root system ∆ is the same as
for the Cartan subalgebra dC = d ⊗ C ⊂ sl(4,C) of sl(4,C) = su(4)C. The
roots αµ,ν , µ, ν ∈ {0, 1, 2, 3}, µ 6= ν are given by
αµ,ν(δ) = αµ(δ)− αµ(δ) (2.18)
where αµ(δ) for µ ∈ {0, 1, 2, 3} are the elements of the diagonal matrix δ ∈ d.
In terms of the primitive roots α0,k, k ∈ {1, 2, 3} the oordinates ϕk used
in Part I are given by ϕk =
1
i
α0,k and the lattie Γ orresponds to ϕk ∈
10
πZ, ∀k ∈ {1, 2, 3}. With T := R/πZ we let δ : T 3 7→ TA be the inverse
isomorphism. One has, modulo projetive equivalene,
σ(δϕ) ∼


1
e−2iϕ1
e−2iϕ2
e−2iϕ3

 (2.19)
In these oordinates (ϕk) the symmetry given by the Weyl group W = S4 of
the symmetri pair (SU(4), K) now reads as follows,
T01(ϕ1, ϕ2, ϕ3) = (−ϕ1, ϕ2 − ϕ1, ϕ3 − ϕ1)
T12(ϕ1, ϕ2, ϕ3) = (ϕ2, ϕ1, ϕ3)
T23(ϕ1, ϕ2, ϕ3) = (ϕ1, ϕ3, ϕ2)
(2.20)
where Tµν is the transposition of µ, ν ∈ {0, 1, 2, 3}, µ < ν.
In Part I we used the parametrization by u ∈ T 3 to label the 3-dimensional
spherial manifolds S3
u
and their quadrati ounterparts R4
u
. The presenta-
tion of the algebra Calg(R
4
u
) is given as follows, using the selfadjoint genera-
tors xµ = xµ∗ for µ ∈ {0, 1, 2, 3} related to the zk by z0 = x0, zk = eiϕk xk
for j ∈ {1, 2, 3}
cos(ϕk)[x
0, xk]− = i sin(ϕℓ − ϕm)[xℓ, xm]+ (2.21)
cos(ϕℓ − ϕm)[xℓ, xm]− = −i sin(ϕk)[x0, xk]+ (2.22)
for k = 1, 2, 3 where (k, ℓ,m) is the yli permutation of (1, 2, 3) starting
with k and where [a, b]± = ab ± ba. The algebra Calg(S3u) is the quotient of
Calg(R
4
u
) by the two-sided ideal generated by the hermitian entral element∑
µ(x
µ)2 − 1l.
The seond equivalent desription of M relies on the equality A3 = D3,
i.e. the identiation of SU(4) with the Spin overing of SO(6) using the
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(4-dimensional) half spin representation of the latter. Proposition 1 holds
unhanged replaing the pair (SU(4), K) by the pair (SO(6), KD), where
KD orresponds under the above isomorphism with the quotient of K by the
kernel of the overing Spin(6) 7→ SO(6). Identifying the Lie algebra so(6)
with the Lie algebra of antisymmetri six by six real matries, d orresponds
to the subalgebra dD of blok diagonal matries with three bloks of the form
(
0 ψk
−ψk 0
)
(2.23)
The 3-torus TD is the quotient,
TD := dD /ΓD , ΓD = {δ ∈ dD |eδ ∈ KD} (2.24)
whih using the roots of D3, (± ei ± ej)(ψ) := ±ψi ± ψj beomes,
ΓD = {ψ |ψi ± ψj ∈ πZ} (2.25)
The relation between the parameters (ψk) for k ∈ {1, 2, 3} and the (ϕk) is
given by,
2ψ1 = ϕ2 + ϕ3 − ϕ1, 2ψ2 = ϕ3 + ϕ1 − ϕ2, 2ψ3 = ϕ1 + ϕ2 − ϕ3 (2.26)
and in terms of the ψk the Killing metri on TD reads,
ds2 = (dψ1)
2 + (dψ2)
2 + (dψ3)
2
(2.27)
The ation of the Weyl group W is given by the subgroup of O(3,Z)
w(ψ1, ψ2, ψ3) = (ε1ψσ(1), ε2ψσ(2), ε3ψσ(3)) (2.28)
with σ ∈ S3 and εk ∈ {1,−1}, of elements w ∈ O(3,Z) suh that ε1ε2ε3 = 1.
The additional symmetry (2.13) dening M ′ is simply
ψ 7→ −ψ (2.29)
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and together with W it generates O(3,Z).
Another advantage of the variable ψk is that the saling vetor eld Z (f.
Part I) whose orbits desribe the loal equivalene relation on M generated
by the isomorphism of quadrati algebras,
Calg(R
4(Λ1)) ∼ Calg(R4(Λ2)) (2.30)
and whih was given in the variables (ϕk) as,
Z =
3∑
k=1
sin(2ϕk) sin(ϕℓ + ϕm − ϕk) ∂
∂ϕk
(2.31)
is now given by
Z =
1
4
3∑
k=1
∂H0
∂ψk
∂
∂ψk
(2.32)
with
H0 = sin(2ψ1) sin(2ψ2) sin(2ψ3) . (2.33)
Sine 2 ΓD is the unit lattie for PSO(6) we an translate everything to the
spae C of onjugay lasses in PSO(6).
Theorem 2 The doubling map ψ 7→ 2ψ establishes an isomorphism between
M and C transforming the saling foliation on M into the gradient ow
(for the Killing metri) of the harater of the signature representation of
SO(6), i.e. the super-trae of its ation on ∧3C6 = ∧3+C6 ⊕ ∧3−C6 with
∧3±C6 = {ω ∈ ∧3C6| ∗ ω = ± iω}.
This ow admits remarkable ompatibility properties with the anonial ell
deomposition of C, they will be analysed in Part II.
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3 The Complex Moduli Spae and its Net of
Ellipti Curves
The proper understanding of the nonommutative spheres S3
u
relies on basi
omputations (Theorem 15 below) whose result depends on u through ellipti
integrals. The oneptual explanation of this dependene requires extending
the moduli spae from the real to the omplex domain. The leaves of the
saling foliation then appear as the real parts of a net of degree 4 ellipti
urves in P3(C) having 8 points in ommon. These ellipti urves will turn
out to play a fundamental role and to be losely related to the ellipti urves
of the geometri data (f. Setion 4) of the quadrati algebras whih their
elements label.
To extend the moduli spae to the omplex domain we start with the relations
dening the involutive algebra Calg(S
3(Λ)) and take for Λ the diagonal matrix
with
Λµµ := u
−1
µ (3.1)
where (u0, u1, u2, u3) are the oordinates of u ∈ P3(C). Using yµ := Λµνzν one
obtains the homogeneous dening relations in the form,
uk yk y0 − u0 y0 yk + uℓ yℓ ym − um ym yℓ = 0
uk y0 yk − u0 yk y0 + um yℓ ym − uℓ ym yℓ = 0 (3.2)
for any yli permutation (k, ℓ,m) of (1,2,3). The inhomogeneous relation
beomes, ∑
uµ y
2
µ = 1 (3.3)
and the orresponding algebra Calg(S
3
C
(u)) only depends upon the lass of
u ∈ P3(C). We let Calg(C4(u)) be the quadrati algebra dened by (3.2).
Taking uµ = e
2i ϕµ
, ϕ0 = 0, for all µ and xµ := e
i ϕµyµ we obtain the dening
relations (2.21) and (2.22) (exept for x∗µ = xµ).
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We showed in Part I that for ϕk 6= 0 and |ϕr − ϕs| 6= π2 (i.e. uk 6= 1 and
ur 6= −us) for any k, r, s ∈ {1, 2, 3}, one an nd 4 salars sµ suh that by
setting Sµ = s
µxµ for µ ∈ {0, 1, 2, 3} the system (2.21), (2.22) reads
[S0, Sk]− = iJℓm[Sℓ, Sm]+ (3.4)
[Sℓ, Sm]− = i[S0, Sk]+ (3.5)
for k = 1, 2, 3, where (k, ℓ,m) is the yli permutation of (1,2,3) starting
with k and where Jℓm = − tan(ϕℓ − ϕm) tan(ϕk). One has
J12 + J23 + J31 + J12J23J31 = 0 (3.6)
and the relations (3.4), (3.5) together with (3.6) for the salars Jℓm hara-
terize the Sklyanin algebra [17℄, [18℄, a regular algebra of global dimension 4
whih has been widely studied (see e.g. [14℄, [19℄, [20℄) and whih plays an
important role in nonommutative algebrai geometry. From (3.6) it follows
that for the above (generi) values of u, Calg(R
4
u
) only depends on 2 param-
eters; with Z as in (2.31) one has Z(Jkℓ) = 0 and the leaf of the saling
foliation through a generi u ∈ T 3 is the onneted omponent of u in
FT(u) := {v ∈ T 3 | Jkℓ(v) = Jkℓ(u)} (3.7)
In terms of homogeneous parameters the funtions Jℓm read as
Jℓm = tan(ϕ0 − ϕk) tan(ϕℓ − ϕm) (3.8)
for any yli permutation (k, ℓ,m) of (1,2,3), and extend to the omplex
domain u ∈ P3(C) as,
Jℓm =
(u0 + uℓ)(um + uk)− (u0 + um)(uk + uℓ)
(u0 + uk)(uℓ + um)
(3.9)
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It follows easily from the ner Theorem 5 that for generi values of u ∈ P3(C)
the quadrati algebra Calg(C
4(u)) only depends upon Jkℓ(u). We thus dene
F (u) := {v ∈ P3(C) | Jkℓ(v) = Jkℓ(u)} (3.10)
Let then,
(α, β, γ) = {(u0 + u1)(u2 + u3), (u0 + u2)(u3 + u1), (u0 + u3)(u1 + u2)}
be the Lagrange resolvent of the 4th degree equation,
Φ(u) = (α, β, γ) (3.11)
viewed as a map
Φ : P3(C)\S → P2(C) (3.12)
where S is the following set of 8 points
p0 = (1, 0, 0, 0), p1 = (0, 1, 0, 0), p2 = (0, 0, 1, 0), p3 = (0, 0, 0, 1) (3.13)
q0 = (−1, 1, 1, 1), q1 = (1,−1, 1, 1), q2 = (1, 1,−1, 1), q3 = (1, 1, 1,−1)
We extend the generi denition (3.10) to arbitray u ∈ P3(C)\S and dene
Fu in general as the union of S with the ber of Φ through u. It an be
understood geometrially as follows.
Let N be the net of quadris in P3(C) whih ontain S. Given u ∈ P3(C)\S
the elements of N whih ontain u form a penil of quadris with base lous
∩{Q |Q ∈ N , u ∈ Q} = Yu (3.14)
whih is an ellipti urve of degree 4 ontaining S and u. One has
Yu = Fu (3.15)
16
p0
q3q0
q1
q2
p1
p2
p3
Figure 1: The Ellipti Curve Fu ∩ P3(R)
We shall now give, for generi values of (α, β, γ) a parametrization of Fu by
θ-funtions. We start with the equations for Fu
(u0 + u1)(u2 + u3)
α
=
(u0 + u2)(u3 + u1)
β
=
(u0 + u3)(u1 + u2)
γ
(3.16)
and we diagonalize the above quadrati forms as follows
(u0 + u1) (u2 + u3) = Z
2
0 − Z21
(u0 + u2) (u3 + u1) = Z
2
0 − Z22
(u0 + u3) (u1 + u2) = Z
2
0 − Z23
(3.17)
where
(Z0, Z1, Z2, Z3) = M.u (3.18)
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where M is the involution,
M :=
1
2


1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1

 (3.19)
In these terms the equations for Fu read
Z20 − Z21
α
=
Z20 − Z22
β
=
Z20 − Z23
γ
(3.20)
Let now ω ∈ C, Imω > 0 and η ∈ C be suh that one has, modulo projetive
equivalene,
(α, β, γ) ∼
(
θ2(0)
2
θ2(η)2
,
θ3(0)
2
θ3(η)2
,
θ4(0)
2
θ4(η)2
)
(3.21)
where θ1, θ2, θ3, θ4 are the theta funtions for the lattie L = Z+ Zω ⊂ C
Proposition 3 The following dene isomorphisms of C/L with Fu,
ϕ(z) =
(
θ1(2z)
θ1(η)
,
θ2(2z)
θ2(η)
,
θ3(2z)
θ3(η)
,
θ4(2z)
θ4(η)
)
= (Z0, Z1, Z2, Z3)
and ψ(z) = ϕ(z − η/2).
Proof Up to an ane transformation, ϕ (and ψ are) is the lassial pro-
jetive embedding of C/L in P3(C). Thus we only need to hek that the
biquadrati urve Imϕ = Imψ is given by (3.20). It is thus enough to hek
(3.20) on ϕ(z). This follows from the basi relations
θ22(0)θ
2
3(z) = θ
2
2(z)θ
2
3(0) + θ
2
4(0)θ
2
1(z) (3.22)
and
θ24(z)θ
2
3(0) = θ
2
1(z)θ
2
2(0) + θ
2
3(z)θ
2
4(0) (3.23)
whih one uses to hek
Z2
0
−Z2
1
α
=
Z2
0
−Z2
2
β
and
Z2
0
−Z2
2
β
=
Z2
0
−Z2
3
γ
respetively.
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The elements of S are obtained from the following values of z
ψ(η) = p0, ψ(η +
1
2
) = p1, ψ(η +
1
2
+
ω
2
) = p2, ψ(η +
ω
2
) = p3 (3.24)
and
ψ(0) = q0, ψ(
1
2
) = q1, ψ(
1
2
+
ω
2
) = q2, ψ(
ω
2
) = q3. (3.25)
(We used M−1.ψ to go bak to the oordinates uµ).
Let H ∼ Z2 × Z2 be the Klein subgroup of the symmetri group S4 ating
on P3(C) by permutation of the oordinates (u0, u1, u2, u3).
For ρ in H one has Φ ◦ ρ = Φ, so that ρ denes for eah u an automorphism
of Fu. For ρ in H the matrix MρM
−1
is diagonal with ±1 on the diagonal
and the quasiperiodiity of the θ-funtions allows to hek that these auto-
morphisms are translations on Fu by the following 2-torsion elements of C/L,
ρ =
(
0 1 2 3
1 0 3 2
)
is translation by
1
2
,
ρ =
(
0 1 2 3
2 3 0 1
)
is translation by
1
2
+ ω
2
(3.26)
Let O ⊂ P3(C) be the omplement of the 4 hyperplanes {uµ = 0} with µ ∈
{0, 1, 2, 3}. Then (u0, u1, u2, u3) 7→ (u−10 , u−11 , u−12 , u−13 ) denes an involutive
automorphism I of O and sine one has
(u−10 + u
−1
k )(u
−1
ℓ + u
−1
m ) = (u0u1u2u3)
−1(u0 + uk)(uℓ + um) (3.27)
it follows that Φ ◦ I = Φ, so that I denes for eah u ∈ O\{q0, q1, q2, q3} an
involutive automorphism of Fu ∩O whih extends anonially to Fu, in fat,
Proposition 4 The restrition of I to Fu is the symmetry ψ(z) 7→ ψ(−z)
around any of the points qµ ∈ Fu in the ellipti urve Fu.
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This symmetry, as well as the above translations by two torsion elements
does not refer to a hoie of origin in the urve Fu. The proof follows from
identities on theta funtions.
Let T := {u | |uµ| = 1 ∀µ}. By setion 2 the torus T gives a overing of
the real moduli spae M. For u ∈ T , the point Φ(u) is real with projetive
oordinates
Φ(u) = (s1, s2, s3) , sk := 1 + tℓ tm , tk := tan(ϕk − ϕ0) (3.28)
The orresponding ber Fu is stable under omplex onjugation v 7→ v and
the intersetion of Fu with the real moduli spae is given by,
FT(u) = Fu ∩ T = {v ∈ Fu|I(v) = v} (3.29)
The urve Fu is dened over R and (3.29) determines its purely imaginary
points. Note that FT(u) (3.29) is invariant under the Klein group H and thus
has two onneted omponents, we let FT(u)
0
be the omponent ontaining
q0. The real points, {v ∈ Fu|v = v} = Fu ∩ P3(R) of Fu do play a
omplementary role in the harateristi variety (Proposition 12).
4 Generi Fiber = Charateristi Variety
Let us reall the denition of the geometri data {E , σ , L} for quadrati
algebras. Let A = A(V,R) = T (V )/(R) be a quadrati algebra where V
is a nite-dimensional omplex vetor spae and where (R) is the two-sided
ideal of the tensor algebra T (V ) of V generated by the subspae R of V ⊗V .
Consider the subset of V ∗ × V ∗ of pairs (α, β) suh that
〈ω, α⊗ β〉 = 0, α 6= 0, β 6= 0 (4.1)
for any ω ∈ R. Sine R is homogeneous, (4.1) denes a subset
Γ ⊂ P (V ∗)× P (V ∗)
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where P (V ∗) is the omplex projetive spae of one-dimensional omplex
subspaes of V ∗. Let E1 and E2 be the rst and the seond projetion of Γ
in P (V ∗). It is usually assumed that they oinide i.e. that one has
E1 = E2 = E ⊂ P (V ∗) (4.2)
and that the orrespondene σ with graph Γ is an automorphism of E, L be-
ing the pull-bak on E of the dual of the tautologial line bundle of P (V ∗).
The algebrai variety E is refered to as the harateristi variety. In many
ases E is the union of an ellipti urve with a nite number of points whih
are invariant by σ. This is the ase for Au = Calg(C4(u)) at generi u sine
it then redues to the Sklyanin algebra for whih this is known [14℄, [19℄.
When u is non generi, e.g. when the isomorphism with the Sklyanin al-
gebra breaks down, the situation is more involved, and the harateristi
variety an be as large as P3(C). This is desribed in Part I, where we
gave a omplete desription of the geometri datas. Our aim now is to show
that for u ∈ P3(C) generi, there is an astute hoie of generators of the
quadrati algebra Au = Calg(C4(u)) for whih the harateristi variety Eu
atually oinides with the ber variety Fu and to identify the orrespond-
ing automorphism σ. Sine this oinidene no longer holds for non-generi
values it is a quite remarkable fat whih we rst notied by omparing the
j-invariants of these two ellipti urves.
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Let u ∈ P3(C) be generi, we perform the following hange of generators
y0 =
√
u1 − u2
√
u2 − u3
√
u3 − u1 Y0
y1 =
√
u0 + u2
√
u2 − u3
√
u0 + u3 Y1
y2 =
√
u0 + u3
√
u3 − u1 √u0 + u1 Y2
y3 =
√
u0 + u1
√
u1 − u2 √u0 + u2 Y3
(4.3)
We let Jℓm be as before, given by (3.9)
J12 =
α− β
γ
, J23 =
β − γ
α
, J31 =
γ − α
β
(4.4)
with α, β, γ given by (3.11). Finally let eν be the 4 points of P3(C) whose
homogeneous oordinates (Zµ) all vanish but one.
Theorem 5 1) In terms of the Yµ, the relations of Au take the form
[Y0, Yk]− = [Yℓ, Ym]+ (4.5)
[Yℓ, Ym]− = −Jℓm[Y0, Yk]+ (4.6)
for any k ∈ {1, 2, 3}, (k, ℓ,m) being a yli permutation of (1,2,3)
2) The harateristi variety Eu is the union of Fu with the 4 points eν .
3) The automorphism σ of the harateristi variety Eu is given by
ψ(z) 7→ ψ(z − η) (4.7)
on Fu and σ = Id on the 4 points eν.
4) The automorphism σ is the restrition to Fu of a birational automorphism
of P3(C) independent of u and dened over Q.
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The resemblane between the above presentation and the Sklyanin one (3.4),
(3.5) is misleading, for the latter all the harateristi varieties are ontained
in the same quadri (f. [19℄ 2.4)
∑
x2µ = 0
and ant of ourse form a net of essentially disjoint urves.
Proof By onstrution Eu = {Z |Rank N(Z) < 4} where
N(Z) =


Z1 −Z0 Z3 Z2
Z2 Z3 −Z0 Z1
Z3 Z2 Z1 −Z0
(β − γ)Z1 (β − γ)Z0 −αZ3 αZ2
(γ − α)Z2 βZ3 (γ − α)Z0 −βZ1
(α− β)Z3 −γZ2 γZ1 (α− β)Z0


(4.8)
One heks that it is the union of the ber Fu (in the generi ase) with the
above 4 points. The automorphism σ of the harateristi variety Eu is given
by denition by the equation,
N(Z) σ(Z) = 0 (4.9)
where σ(Z) is the olumn vetor σ(Zµ) := M · σ(u) (in the variables Zλ).
One heks that σ(Z) is already determined by the equations in (4.9) orre-
sponding to the rst three lines in N(Z) whih are independent of α, β, γ (see
below). Thus σ is in fat an automorphism of P3(C) whih is the identity
on the above four points and whih restrits as automorphism of Fu for eah
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u generi. One heks that σ is the produt of two involutions whih both
restrit to Eu (for u generi)
σ = I ◦ I0 (4.10)
where I is the involution of the end of setion 3 orresponding to uµ 7→ u−1µ
and where I0 is given by
I0(Z0) = −Z0, I0(Zk) = Zk (4.11)
for k ∈ {1, 2, 3} and whih restrits obviously to Eu in view of (3.17). Both
I and I0 are the identity on the above four points and sine I0 indues the
symmetry ϕ(z) 7→ ϕ(−z) around ϕ(0) = ψ(η/2) (proposition 3) one gets the
result using proposition 4.
The fat that σ does not depend on the parameters α, β, γ plays an important
role. Expliitly we get from the rst 3 equations (4.9)
σ(Z)µ = ηµµ(Z
3
µ − Zµ
∑
ν 6=µ
Z2ν − 2
∏
λ6=µ
Zλ) (4.12)
for µ ∈ {0, 1, 2, 3}, where η00 = 1 and ηnn = −1 for n ∈ {1, 2, 3}. 
5 Central Quadrati Forms and Generalised Cross-
Produts
Let A = A(V,R) = T (V )/(R) be a quadrati algebra. Its geometri data
{E , σ , L} is dened in suh a way that A maps homomorphially to a
ross-produt algebra obtained from setions of powers of the line bundle L
on powers of the orrespondene σ ([3℄).
We shall begin by a purely algebrai result whih onsiderably renes the
above homomorphism and lands in a riher ross-produt. We use the nota-
tions of setion 4 for general quadrati algebras.
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Denition 6 Let Q ∈ S2(V ) be a symmetri bilinear form on V ∗ and C a
omponent of E × E. We shall say that Q is entral on C i for all (Z, Z ′)
in C and ω ∈ R one has,
ω(Z,Z ′)Q(σ(Z ′), σ−1(Z)) +Q(Z,Z ′)ω(σ(Z ′), σ−1(Z)) = 0
Let C be a omponent of E ×E globally invariant under the map
σ˜(Z,Z ′) := (σ(Z), σ−1(Z ′)) (5.1)
Given a quadrati form Q entral and not identially zero on the omponent
C, we dene as follows an algebra CQ as a generalised ross-produt of the
ring of meromorphi funtions on C by the transformation σ˜. Let L, L′ ∈ V
be suh that L(Z)L′(Z ′) does not vanish identially on C. We adjoin two
generators WL and W
′
L′ whih besides the usual ross-produt rules,
WL f = (f ◦ σ˜) WL , W ′L′ f = (f ◦ σ˜−1) W ′L′ , ∀f ∈ C (5.2)
fulll the following relations,
WLW
′
L′ := π(Z,Z
′) , W ′L′WL := π(σ
−1(Z), σ(Z ′)) (5.3)
where the funtion π(Z,Z ′) is given by the ratio,
π(Z,Z ′) :=
L(Z)L′(Z ′)
Q(Z,Z ′)
(5.4)
The a priori dependene on L, L′ is eliminated by the rules,
WL2 :=
L2(Z)
L1(Z)
WL1 W
′
L′
2
:= W ′L′
1
L′2(Z
′)
L′1(Z
′)
(5.5)
whih allow to adjoin all WL and W
′
L′ for L and L
′
not identially zero on
the projetions of C, without hanging the algebra and provides an intrinsi
denition of CQ.
Our rst result is
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Lemma 7 Let Q be entral and not identially zero on the omponent C.
(i) The following equality denes a homomorphism ρ: A 7→ CQ
√
2 ρ(Y ) :=
Y (Z)
L(Z)
WL +W
′
L′
Y (Z ′)
L′(Z ′)
, ∀Y ∈ V
(ii) If σ4 6= 1l, then ρ(Q) = 1 where Q is viewed as an element of T (V )/(R).
Formula (i) is independent of L, L′ using (5.5) and redues toWY +W
′
Y when
Y is non-trivial on the two projetions of C. It is enough to hek that the
ρ(Y ) ∈ CQ fulll the quadrati relations ω ∈ R. We view ω ∈ R as a bilinear
form on V ∗. The vanishing of the terms in W 2 and in W
′2
is automati by
onstrution of the harateristi variety. The vanishing of the sum of terms
in W W ′,W ′W follows from denition 6.
Let Au = Calg(C4(u)) at generi u, then the enter of Au is generated by the
three linearly dependent quadrati elements
Qm := Jkℓ (Y
2
0 + Y
2
m) + Y
2
k − Y 2ℓ (5.6)
with the notations of theorem 5.
Proposition 8 Let Au = Calg(C4(u)) at generi u, then eah Qm is entral
on Fu × Fu (⊂ Eu ×Eu).
One uses (4.10) to hek the algebrai identity. Together with lemma 7 this
yields non trivial homomorphisms of Au whose unitarity will be analysed in
the next setion. Note that for a general quadrati algebra A = A(V,R) =
T (V )/(R) and a quadrati formQ ∈ S2(V ), suh thatQ ∈ Center(A), it does
not automatially follow that Q is entral on E×E. For instane Proposition
8 no longer holds on Fu × {eν} where eν is any of the four points of Eu not
in Fu.
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6 Positive Central Quadrati Forms on Quad-
rati ∗-Algebras
The algebra Au, u ∈ T is by onstrution a quadrati ∗-algebra i.e. a
quadrati omplex algebra A = A(V,R) whih is also a ∗-algebra with in-
volution x 7→ x∗ preserving the subspae V of generators. Equivalently one
an take the generators of A (spanning V ) to be hermitian elements of A. In
suh a ase the omplex nite-dimensional vetor spae V has a real stru-
ture given by the antilinear involution v 7→ j(v) obtained by restrition of
x 7→ x∗. Sine one has (xy)∗ = y∗x∗ for x, y ∈ A, it follows that the set R of
relations satises
(j ⊗ j)(R) = t(R) (6.1)
in V ⊗ V where t : V ⊗ V → V ⊗ V is the transposition v⊗w 7→ t(v⊗w) =
w ⊗ v. This implies
Lemma 9 The harateristi variety is stable under the involution Z 7→
j(Z) and one has
σ(j(Z)) = j(σ−1(Z))
We let C be as above an invariant omponent of E × E we say that C is
j-real when it is globally invariant under the involution
j˜(Z, Z ′) := (j(Z ′), j(Z)) (6.2)
By lemma 9 this involution ommutes with the automorphism σ˜ (5.1) and
the following turns the ross-produt CQ into a ∗-algebra,
f ∗(Z, Z ′) := f(j˜(Z, Z ′)) , (WL)
∗ = W ′j(L) , (W
′
L′)
∗ = Wj(L′) (6.3)
provided that Q ∈ S2(V ) fullls Q = Q∗. We use the transpose of j, so that
j(L)(Z) = L(j(Z)) , ∀Z ∈ V ∗. (6.4)
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The homomorphism ρ of lemma 7 is a ∗-homomorphism. Composing ρ with
the restrition to the subset K = {(Z,Z ′) ∈ C |Z ′ = j(Z)} one obtains a
∗-homomorphism θ of A = A(V,R) to a twisted ross-produt C∗-algebra,
C(K)×σ,L Z. Given a ompat spae K, an homeomorphism σ of K and a
hermitian line bundle L on K we dene the C∗-algebra C(K)×σ,L Z as the
twisted ross-produt of C(K) by the Hilbert C∗-bimodule assoiated to L
and σ ([1℄, [15℄). We let for eah n ≥ 0, Lσn be the hermitian line bundle
pullbak of L by σn and (f. [3℄, [19℄)
Ln := L⊗ Lσ ⊗ · · · ⊗ Lσn−1 (6.5)
We rst dene a ∗-algebra as the linear span of the monomials
ξ W n , W ∗n η∗ , ξ , η ∈ C(K,Ln) (6.6)
with produt given as in ([3℄, [19℄) for (ξ1W
n1) (ξ2W
n2) so that
(ξ1W
n1) (ξ2W
n2) := (ξ1 ⊗ (ξ2 ◦ σn1))W n1+n2 (6.7)
We use the hermitian struture of Ln to give meaning to the produts η∗ ξ
and ξ η∗ for ξ , η ∈ C(K,Ln). The produt then extends uniquely to an
assoiative produt of ∗-algebra fullling the following additional rules
(W ∗k η∗) (ξ W k) := (η∗ ξ) ◦ σ−k , (ξ W k) (W ∗k η∗) := ξ η∗ (6.8)
The C∗-norm of C(K) ×σ,L Z is dened as for ordinary ross-produts and
due to the amenability of the group Z there is no distintion between the
redued and maximal norms. The latter is obtained as the supremum of the
norms in involutive representations in Hilbert spae. The natural positive
onditional expetation on the subalgebra C(K) shows that the C∗-norm
restrits to the usual sup norm on C(K).
To lighten notations in the next statement we abreviate j(Z) as Z¯,
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Theorem 10 Let K ⊂ E be a ompat σ-invariant subset and Q be entral
and stritly positive on {(Z, Z¯); Z ∈ K}. Let L be the restrition to K of
the dual of the tautologial line bundle on P (V ∗) endowed with the unique
hermitian metri suh that
〈L, L′〉 = L(Z)L
′(Z)
Q(Z, Z¯)
L, L′ ∈ V, Z ∈ K
(i) The equality
√
2 θ(Y ) := Y W +W ∗ Y¯ ∗ yields a ∗-homomorphism
θ : A = A(V,R) 7→ C(K)×σ,L Z
(ii) For any Y ∈ V the C∗-norm of θ(Y ) fullls
SupK‖Y ‖ ≤
√
2‖ θ(Y )‖ ≤ 2 SupK‖Y ‖
(iii) If σ4 6= 1l, then θ(Q) = 1 where Q is viewed as an element of T (V )/(R).
We shall now apply this general result to the algebras Au, u ∈ T . We take
the quadrati form
Q(X, X ′) :=
∑
XµX
′
µ (6.9)
in the x-oordinates, so that Q is the anonial entral element dening the
sphere S3
u
by the equation Q = 1. Proposition 8 shows that Q is entral
on Fu × Fu for generi u. The positivity of Q is automati sine in the x-
oordinates the involution ju oming from the involution of the quadrati ∗-
algebraAu is simply omplex onjugation ju(Z) = Z¯, so that Q(X, ju(X)) >
0 for X 6= 0. We thus get,
Corollary 11 Let K ⊂ Fu be a ompat σ-invariant subset. The homomor-
phism θ of Theorem 10 is a unital ∗-homomorphism from Calg(S3u) to the
ross-produt C∞(K)×σ,L Z.
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This applies in partiular to K = Fu. It follows that one obtains a non-trivial
C∗-algebra C∗(S3
u
) as the ompletion of Calg(S
3
u
) for the semi-norm,
‖P‖ := Sup‖π(P )‖ (6.10)
where π varies through all unitary representations of Calg(S
3
u
).
To analyse the ompat σ-invariant subsets of Fu for generi u, we distinguish
two ases. First note that the real urve Fu∩P3(R) is non empty (it ontains
p0), and has two onneted omponents sine it is invariant under the Klein
group H (3.26).
p0
q3
q0
q1
q2
p1
p2
p3
Figure 2: The Ellipti Curve Fu ∩ P3(R) (odd ase)
We say that u ∈ T is even when σ preserves eah of the two onneted
omponents of the real urve Fu ∩ P3(R) and odd when it permutes them
(f. Figure 2). A generi u ∈ T is even (f. Figure 1) i the sk of (3.28)
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(sk = 1+ tℓ tm , tk = tanϕk) have the same sign. In that ase σ is the square
of a real translation κ of the ellipti urve Fu preserving Fu ∩ P3(R).
Proposition 12 Let u ∈ T be generi and even.
(i) Eah onneted omponent of Fu∩P3(R) is a minimal ompat σ-invariant
subset.
(ii) Let K ⊂ Fu be a ompat σ-invariant subset, then K is the sum in the
ellipti urve Fu with origin p0 of KT = K ∩ FT(u)0 (f. 3.29) with the
omponent Cu of Fu ∩ P3(R) ontaining p0.
(iii) The ross-produt C(Fu) ×σ,L Z is isomorphi to the mapping torus of
the automorphism β of the nonommutative torus T2η = Cu ×σ Z ating on
the generators by the matrix
[
1 4
0 1
]
.
More preisely with Uj the generators one has
β(U1) := U1 , β(U2) := U
4
1 U2 (6.11)
The mapping torus of the automorphism β is given by the algebra of ontin-
uous maps s ∈ R 7→ x(s) ∈ C(T2η) suh that x(s + 1) = β(x(s)) , ∀s ∈ R.
Corollary 13 Let u ∈ T be generi and even, then Fu×σ,LZ is a nonommu-
tative 3-manifold with an ellipti ation of the three dimensional Heisenberg
Lie algebra h3 and an invariant trae τ .
We refer to [16℄ and [2℄ where these nonommutative manifolds were intro-
dued and analysed in terms of rossed produts by Hilbert C∗-bimodules.
One an onstrut diretly the ation of h3 on C
∞(Fu)×σ,L Z by hoosing a
onstant (translation invariant) urvature onnetion ∇, ompatible with the
metri, on the hermitian line bundle L on Fu (viewed in the C∞-ategory not
in the holomorphi one). The two ovariant dierentials ∇j orresponding to
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the two vetor eldsXj on Fu generating the translations of the ellipti urve,
give a natural extension of Xj as the unique derivations δj of C
∞(Fu)×σ,LZ
fullling the rules,
δj(f) = Xj(f) , ∀f ∈ C∞(Fu)
δj(ξ W ) = ∇j(ξ)W , ∀ξ ∈ C∞(Fu ,L) (6.12)
We let δ be the unique derivation of C∞(Fu) ×σ,L Z orresponding to the
grading by powers of W . It vanishes on C∞(Fu) and fullls
δ(ξ W k) = i k ξ W k δ(W ∗k η∗) = −i k W ∗k η∗ (6.13)
Let i κ be the onstant urvature of the onnetion ∇, one gets
[δ1, δ2] = κ δ , [δ, δj ] = 0 (6.14)
whih provides the required ation of the Lie algebra h3 on C
∞(Fu)×σ,L Z.
Integration on the translation invariant volume form dv of Fu gives the h3-
invariant trae τ ,
τ(f) =
∫
fdv , ∀f ∈ C∞(Fu)
τ(ξ W k) = τ(W ∗k η∗) = 0 , ∀k 6= 0 (6.15)
It follows in partiular that the results of [4℄ apply to obtain the alulus. In
partiular the following gives the fundamental lass" as a 3-yli oyle,
τ3(a0, a1, a2, a3) =
∑
ǫijk τ(a0 δi(a1) δj(a2) δk(a3)) (6.16)
where the δj are the above derivations with δ3 := δ.
We shall in fat desribe the same alulus in greater generality in the last
setion whih will be devoted to the omputation of the Jaobian of the
homomorphism θ of orollary 11.
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Similar results hold in the odd ase. Then Fu ∩ P3(R) is a minimal ompat
σ-invariant subset, any ompat σ-invariant subset K ⊂ Fu is the sum in the
ellipti urve Fu with origin p0 of Fu ∩P3(R) with KT = K ∩FT(u)0 but the
latter is automatially invariant under the subgroup H0 ⊂ H of order 2 of
the Klein group H (3.26)
H0 := {h ∈ H| h(FT(u)0) = FT(u)0} (6.17)
The group law in Fu is desribed geometrially as follows. It involves the
point q0. The sum z = x+y of two points x and y of Fu is z = I0(w) where w
is the 4th point of intersetion of Fu with the plane determined by the three
points {q0, x, y}. It ommutes by onstrution with omplex onjugation so
that x+ y = x + y¯ , ∀x, y ∈ Fu.
By lemma 9 the translation σ is imaginary for the anonial involution ju.
In terms of the oordinates Zµ this involution is desribed as follows, using
(4.3) (multiplied by ei(π/4−ϕ1−ϕ2−ϕ3)2−3/2) to hange variables. Among the 3
real numbers
λk = cosϕℓ cosϕm sin(ϕℓ − ϕm) , k ∈ {1, 2, 3}
two have the same sign ǫ and one, λk, k ∈ {1, 2, 3}, the opposite sign. Then
ju = ǫ Ik ◦ c (6.18)
where c is omplex onjugation on the real ellipti urve Fu (setion 3) and
Iµ the involution
Iµ(Zµ) = −Zµ, Iµ(Zν) = Zν , ν 6= µ (6.19)
The index k and the sign ǫ remain onstant when u varies in eah of the four
omponents of the omplement of the four points qµ in FT(u). The sign ǫ
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matters for the ation of ju on linear forms as in (6.4), but is irrelevant for
the ation on Fu. Eah involution Iµ is a symmetry z 7→ p− z in the ellipti
urve Fu and the produts Iµ ◦ Iν form the Klein subgroup H (3.26) ating
by translations of order two on Fu.
The quadrati form Q of (6.9) is given in the new oordinates by,
Q = (
∏
cos2 ϕℓ)
∑
tk sk Qk (6.20)
with sk := 1 + tℓ tm , tk := tanϕk and Qk dened by (5.6).
Let u ∈ T be generi and even and v ∈ FT(u)0. Let K(v) = v + Cu be the
minimal ompat σ-invariant subset ontaining v (Proposition 12 (ii)). By
Corollary 11 we get a homomorphism,
θv : Calg(S
3
u
) 7→ C∞(T2η) (6.21)
whose non-triviality will be proved below in orollary 17. We shall rst show
(Theorem 14) that it transits through the ross-produt of the eld Kq of
meromorphi funtions on the ellipti urve by the subgroup of its Galois
group AutC(Kq) generated by the translation σ.
For Z = v + z , z ∈ Cu, one has using (6.18) and (3.29),
ju(Z) = Iµ(Z − v)− I(v) (6.22)
whih is a rational funtion r(v, Z). Fixing u, v and substituting Z and
Z ′ = r(v, Z) in the formulas (5.3) and (5.4) of lemma 7 with L real suh
that 0 /∈ L(K(v)), L′ = ǫ L ◦ Iµ and Q given by (6.20) we obtain rational
formulas for a homomorphism θ˜v of Calg(S
3
u
) to the generalised ross-produt
of the eld Kq of meromorphi funtions f(Z) on the ellipti urve Fu by σ.
The generalised ross-produt rule (5.3) is given by W W ′ := γ(Z) where γ
is a rational funtion. Similarly W ′W := γ(σ−1(Z)). Using integration on
the yle K(v) to obtain a trae, together with orollary 11, we get,
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Theorem 14 The homomorphism θv : Calg(S
3
u
) 7→ C∞(T2η) fatorises with
a homomorphism θ˜v : Calg(S
3
u
) 7→ Kq ×σ Z to the generalised ross-produt
of the eld Kq of meromorphi funtions on the ellipti urve Fu by the
subgroup of the Galois group AutC(Kq) generated by σ. Its image generates
the hypernite fator of type II1 after weak losure relative to the trae given
by integration on the yle K(v).
Elements of Kq with poles on K(v) are unbounded and give elements of
the regular ring of aliated operators, but all elements of θv(Calg(S
3
u
)) are
regular on K(v). The above generalisation of the ross-produt rules (5.3)
with the rational formula for W W ′ := γ(Z) is similar to the introdution of
2-oyles in the standard Brauer theory of entral simple algebras.
7 The Jaobian of the Covering of S3
u
In this setion we shall analyse the morphism of ∗-algebras
θ : Calg(S
3
u
) 7→ C∞(Fu ×σ,L Z) (7.1)
of Corollary 11, by omputing its Jaobian in the sense of nonommutative
dierential geometry ([5℄).
The usual Jaobian of a smooth map ϕ : M 7→ N of manifolds is obtained
as the ratio ϕ∗(ωN)/ωM of the pullbak of the volume form ωN of the target
manifold N with the volume form ωM of the soure manifold M . In non-
ommutative geometry, dierential forms ω of degree d beome Hohshild
lasses ω˜ ∈ HHd(A) , A = C∞(M). Moreover sine one works with the
dual formulation in terms of algebras, the pullbak ϕ∗(ωN) is replaed by
the pushforward ϕ t∗(ω˜N) under the orresponding transposed morphism of
algebras ϕ t(f) := f ◦ ϕ , ∀f ∈ C∞(N).
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The nonommutative sphere S3
u
admits a anonial volume form" given by
the Hohshild 3-yle h 3
2
(U). Our goal is to ompute the push-forward,
θ∗(h 3
2
(U)) ∈ HH3(C∞(Fu ×σ,L Z)) (7.2)
Let u be generi and even. The nonommutative manifold Fu ×σ,L Z is, by
Corollary 13, a nonommutative 3-dimensional nilmanifold isomorphi to the
mapping torus of an automorphism of the nonommutative 2-torus T 2η . Its
Hohshild homology is easily omputed using the orresponding result for
the nonommutative torus ([5℄). It admits in partiular a anonial volume
form V ∈ HH3(C∞(Fu ×σ,L Z)) whih orresponds to the natural lass in
HH2(C
∞(T 2η )) ([5℄). The volume form V is obtained in the ross-produt
Fu ×σ,L Z from the translation invariant 2-form dv on Fu.
To ompare θ∗(h 3
2
(U)) with V we shall pair it with the 3-dimensional
Hohshild oyle τh ∈ HH3(C∞(Fu ×σ,L Z)) given, for any element h of
the enter of C∞(Fu ×σ,L Z), by
τh(a0, a1, a2, a3) = τ3(h a0, a1, a2, a3) (7.3)
where τ3 ∈ HC3(C∞(Fu×σ,LZ)) is the fundamental lass in yli ohomol-
ogy dened by (6.16).
By [9℄, (2.13) p.549, the omponent h
3
2
(U) of the Chern harater is given
by,
h
3
2
(U) = −
∑
ǫαβγδ cos(ϕα − ϕβ + ϕγ − ϕδ) xα dxβ dxγ dxδ +
i
∑
sin 2(ϕµ − ϕν) xµ dxν dxµ dxν (7.4)
where ϕ0 := 0. In terms of the Yµ one gets,
h
3
2
(U) = λ
∑
δαβγδ (sα − sβ + sγ − sδ) Yα dYβ dYγ dYδ +
λ
∑
ǫαβγδ (sα − sβ) Yγ dYδ dYγ dYδ (7.5)
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where s0 := 0, sk := 1 + tℓ tm , tk := tanϕk and
δαβγδ = ǫαβγδ (nα − nβ + nγ − nδ) (7.6)
with n0 = 0 and nk = 1. The normalization fator is
λ = −i
∏
cos2(ϕk) sin(ϕℓ − ϕm) (7.7)
Formula (7.5) shows that, up to normalization, h
3
2
(U) only depends on the
ber Fu of u.
Let u ∈ T be generi, we assume for simpliity that u is even, there is a
similar formula in the odd ase. In our ase the involutions I and I0 are
onjugate by a real translation κ of the ellipti urve Fu and we let Fu(0) be
one of the two onneted omponents of,
{Z ∈ Fu | I0(Z) = Z¯} (7.8)
By Proposition 12 we an identify the enter of C∞(Fu×σ,LZ) with C∞(Fu(0)).
We assume for simpliity that ϕj ∈ [0, π2 ] are in yli order ϕk < ϕl < ϕm
for some k ∈ {1, 2, 3}.
Theorem 15 Let h ∈ Center (C∞(Fu ×σ,L Z)) ∼ C∞(Fu(0)). Then
〈h3
2
(U), τh〉 = 6 πΩ
∫
Fu(0)
h(Z) dR(Z)
where Ω is the period given by the ellipti integral of the rst kind,
Ω =
∫
Cu
Z0dZk − ZkdZ0
ZℓZm
and R the rational fration,
R(Z) = tk
Z2m
Z2m + ck Z
2
l
with ck = tg(ϕl) cot(ϕk − ϕℓ).
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We rst obtained this result by diret omputation using the expliit formula
(6.16) and the natural onstant urvature onnetion on L given by the
parametrisation of Proposition 3 in terms of θ-funtions. The pairing was
rst expressed in terms of ellipti funtions and modular forms, and the
oneptual understanding of its simpliity is at the origin of many of the
notions developped in the present paper and in partiular of the rational"
formulation of the alulus whih will be obtained in the last setion. The
geometri meaning of Theorem 15 is the omputation of the Jaobian in the
sense of nonommutative geometry of the morphism θ as explained above.
The dierential form
ω :=
Z0dZk − ZkdZ0
sk ZℓZm
(7.9)
is independent of k and is, up to sale, the only holomorphi form of type
(1, 0) on Fu, it is invariant under the translations of the ellipti urve. The
integral Ω is (up to a trivial normalization fator) a standard ellipti integral,
it is given by an hypergeometri funtion in the variable
m :=
sk(sl − sm)
sl(sk − sm) (7.10)
or a modular form in terms of q.
The dierential of R is given on Fu by dR = J(Z) ω where
J(Z) = 2 (sm − sl) ck tk Z0 Z1Z2 Z3
(Z2m + ck Z
2
l )
2
(7.11)
The period Ω does not vanish and J(Z), Z ∈ Fu(0), only vanishes on the 4
ramiation points" neessarily present due to the symmetries.
Corollary 16 The Jaobian of the map θ t is given by the equality
θ∗(h 3
2
(U)) = 3Ω J V
where J is the element of the enter C∞(Fu(0)) of C
∞(Fu ×σ,L Z) given by
formula (7.11).
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This statement assumes that u is generi in the measure theoreti sense so
that η admits good diophantine approximation ([5℄). It justies in partiular
the terminology of ramied overing" applied to θ t. The funtion J has only
4 zeros on Fu(0) whih orrespond to the ramiation.
As shown by Theorem 5 the algebra Au is dened over R, i.e. admits a
natural antilinear automorphism of period two, γ uniquely dened by
γ(Yµ) := Yµ , ∀µ (7.12)
Theorem 5 also shows that σ is dened over R and hene ommutes with
omplex onjugation c(Z) = Z¯. This gives a natural real struture γ on the
algebra CQ with C = Fu × Fu and Q as above,
γ(f(Z,Z ′)) := f(c(Z), c(Z ′)) , γ(WL) := Wc(L) , γ(W
′
L′) := W
′
c(L′)
One heks that the morphism ρ of lemma 7 is real" i.e. that,
γ ◦ ρ = ρ ◦ γ (7.13)
Sine c(Z) = Z¯ reverses the orientation of Fu, while γ preserves the orien-
tation of S3
u
it follows that J(Z¯) = −J(Z) and J neessarily vanishes on
Fu(0) ∩ P3(R).
Note also that for general h one has 〈h 3
2
(U), τh〉 6= 0 whih shows that both
h
3
2
(U) ∈ HH3 and τh ∈ HH3 are non trivial Hohshild lasses. These
results hold in the smooth algebra C∞(S3
u
) ontaining the losure of Calg(S
3
u
)
under holomorphi funtional alulus in the C∗ algebra C∗(S3
u
). We an also
use Theorem 15 to show the non-triviality of the morphism θv : Calg(S
3
u
) 7→
C∞(T2η) of (6.21).
Corollary 17 The pullbak of the fundamental lass [T2η] of the nonommu-
tative torus by the homomorphism θv : Calg(S
3
u
) 7→ C∞(T2η) of (6.21) is non
zero, θ∗v([T
2
η]) 6= 0 ∈ HH2 provided v is not a ramiation point.
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We have shown above the non-triviality of the Hohshild homology and
ohomology groups HH3(C
∞(S3
u
)) and HH3(C∞(S3
u
)) by exhibiting spei
elements with non-zero pairing. Combining the ramied over π = θ t with
the natural spetral geometry (spetral triple) on the nonommutative 3-
dimensional nilmanifold Fu ×σ,L Z yields a natural spetral triple on S3u
in the generi ase. It will be analysed in Part II, together with the C∗-
algebra C∗(S3
u
), the vanishing of the primary lass of U in K1, and the yli
ohomology of C∞(S3
u
).
8 Calulus and Cyli Cohomology
Theorem 15 suggests the existene of a rational" form of the alulus ex-
plaining the appearane of the ellipti period Ω and the rationality of R. We
shall show in this last setion that this indeed the ase.
Let us rst go bak to the general framework of twisted ross produts of the
form
A = C∞(M)×σ,L Z (8.1)
where σ is a dieomorphism of the manifold M . We shall follow [6℄ to
onstrut yli ohomology lasses from oyles in the biomplex of group
ohomology (with group Γ = Z) with oeients in de Rham urrents on M .
The twist by the line bundle L introdues a non-trivial interesting nuane.
Let Ω(M) be the algebra of smooth dierential forms on M , endowed with
the ation of Z
α1,k(ω) := σ
∗kω , k ∈ Z (8.2)
As in [8℄ p. 219 we let Ω˜(M) be the graded algebra obtained as the (graded)
tensor produt of Ω(M) by the exterior algebra ∧(C[Z]′) on the augmentation
ideal C[Z]′ in the group ring C[Z]. With [n], n ∈ Z the anonial basis of
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C[Z], the augmentation ǫ : C[Z] 7→ C fullls ǫ([n]) = 1, ∀n , and
δn := [n]− [0] , n ∈ Z , n 6= 0 (8.3)
is a linear basis of C[Z]′. The left regular representation of Z on C[Z] restrits
to C[Z]′ and is given on the above basis by
α2,k(δn) := δn+k − δk , k ∈ Z (8.4)
It extends to an ation α2 of Z by automorphisms of ∧C[Z]′. We let α =
α1 ⊗ α2 be the tensor produt ation of Z on Ω˜(M) = Ω(M)⊗ ∧C[Z]′.
We now use the hermitian line bundle L to form the twisted ross-produt
C := Ω˜(M)×α ,L Z (8.5)
We let Ln be as in (6.5) for n > 0 and extend its denition for n < 0 so
that L−n is the pullbak by σn of the dual Lˆn of Ln for all n. The hermitian
struture gives an antilinear isomorphism ∗ : Ln 7→ Lˆn. The algebra C is the
linear span of monomials ξ W n where
ξ ∈ C∞(M,Ln)⊗C∞(M) Ω˜(M) (8.6)
with the produt rules (6.7), (6.8).
Let ∇ be a hermitian onnetion on L. We shall turn C into a dierential
graded algebra. By funtoriality ∇ gives a hermitian onnetion on the Lk
and hene a graded derivation
∇n : C∞(M,Ln)⊗C∞(M) Ω(M) 7→ C∞(M,Ln)⊗C∞(M) Ω(M) (8.7)
whose square ∇2n is multipliation by the urvature κn ∈ Ω2(M) of Ln,
κn+m = κn + σ
∗n(κm) , ∀n, m ∈ Z (8.8)
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with κ1 = κ ∈ Ω2(M) the urvature of L. Ones has dκn = 0 and we extend
the dierential d to a graded derivation on Ω˜(M) by
dδn = κn (8.9)
We an then extend ∇n uniquely to
∇˜n : C∞(M,Ln)⊗C∞(M) Ω˜(M) 7→ C∞(M,Ln)⊗C∞(M) Ω˜(M) (8.10)
so that it fullls
∇˜n(ξ ω) = ∇˜n(ξ)ω + (−1)deg(ξ)ξ dω , ∀ω ∈ Ω˜(M) (8.11)
Proposition 18 (i) The graded derivation d of Ω˜(M) extends uniquely to a
graded derivation of C suh that,
d(ξ W n) := (∇˜n(ξ)− (−1)deg(ξ)ξ δn)W n
(ii) The pair (C, d) is a graded dierential algebra.
To onstrut losed graded traes on this dierential graded algebra we follow
([6℄) and onsider the double omplex of group ohains (with group Γ = Z)
with oeients in de Rham urrents on M . The ohains γ ∈ Cn,m are
totally antisymmetri maps from Zn+1 to the spae Ω−m(M) of de Rham
urrents of dimension −m, whih fulll
γ(k0 + k, k1 + k, k2 + k, · · · , kn + k) = σ−k∗ γ(k0, k1, k2, · · · , kn) , ∀k, kj ∈ Z
Besides the oboundary d1 of group ohomology, given by
(d1γ)(k0, k1, · · · , kn+1) =
n+1∑
0
(−1)j+m γ(k0, k1, · · · , kˆj, · · · , kn+1)
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and the oboundary d2 of de Rham homology,
(d2γ)(k0, k1, · · · , kn) = b(γ(k0, k1, · · · , kn))
the urvatures κn generate the further oboundary d3 dened on Ker d1 by,
(d3γ)(k0, · · · , kn+1) =
n+1∑
0
(−1)j+m+1 κ kjγ(k0, · · · , kˆj, · · · , kn+1) (8.12)
whih maps Ker d1 ∩ Cn,m to Cn+1,m+2. Translation invariane follows from
(8.8) and ϕ∗(ωC) = ϕ
∗−1(ω)ϕ∗(C) for C ∈ Ω−m(M), ω ∈ Ω∗(M).
To eah γ ∈ Cn,m one assoiates the funtional γ˜ on C given by,
γ˜( ξ W n) = 0 , ∀n 6= 0 , ξ ∈ Ω˜(M)
γ˜(ω ⊗ δk1 · · · δkn) = 〈ω, γ(0, k1 · · · , kn)〉 , ∀kj ∈ Z (8.13)
and the (n−m+ 1) linear form on A = C∞(M)×σ,L Z given by,
Φ(γ)(a0, a1, · · · , an−m) =
λn,m
n−m∑
0
(−1)j(n−m−j) γ˜(daj+1 · · · dan−m a0 da1 · · · daj−1 daj) (8.14)
where λn,m :=
n!
(n−m+1)!
.
Lemma 19 (i) The Hohshild oboundary bΦ(γ) is equal to Φ(d1γ).
(ii) Let γ ∈ Cn,m ∩Ker d1. Then Φ(γ) is a Hohshild oyle and
BΦ(γ) = Φ(d2γ) +
1
n+1
Φ(d3γ)
We shall now show how the above general framework allows to reformulate
the alulus involved in Theorem 15 in rational terms. We let M be the
ellipti urve Fu where u is generi and even. Let then ∇ be an arbitrary
hermitian onnetion on L and κ its urvature. We rst display a oyle
γ =
∑
γn,m ∈
∑
Cn,m whih reprodues the yli oyle τ3.
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Lemma 20 There exists a two form α on M = Fu and a multiple λ dv of
the translation invariant two form dv suh that :
(i) κn = nλ dv + (σ
∗nα− α) , ∀n ∈ Z
(ii) d2(γ j) = 0 , d1(γ3) = 0 , d1(γ 1) +
1
2
d3(γ3) = 0 , BΦ(γ1) = 0 ,
where γ 1 ∈ C1,0 and γ3 ∈ C1,−2 are given by
γ1(k0, k1) :=
1
2
(k1−k0)(σ∗k0α+σ∗k1α) , γ3(k0, k1) := k1−k0 , ∀kj ∈ Z
(iii) The lass of the yli oyle Φ(γ1) + Φ(γ3) is equal to τ3.
We use the generi hypothesis in the measure theoreti sense to solve the
small denominator" problem in (i). In (ii) we identify dierential forms
ω ∈ Ω d of degree d with the dual urrents of dimension 2− d.
It is a general priniple explained in [5℄ that a yli oyle τ generates
a alulus whose dierential graded algebra is obtained as the quotient of
the universal one by the radial of τ . We shall now expliitely desribe the
redued alulus obtained from the oyle of lemma 20 (iii). We use as
above the hermitian line bundle L to form the twisted ross-produt
B := Ω(M)×α ,L Z (8.15)
of the algebra Ω(M) of dierential forms on M by the dieomorphism σ.
Instead of having to adjoin the innite number of odd elements δn we just
adjoin two χ and X as follows. We let δ be the derivation of B suh that
δ(ξ W n) := i n ξ W n , ∀ξ ∈ C∞(M,Ln)⊗C∞(M) Ω(M) (8.16)
We adjoin χ to B by tensoring B with the exterior algebra ∧{χ} generated
by an element χ of degree 1, and extend the onnetion ∇ (8.7) to the unique
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graded derivation d′ of Ω′ = B ⊗ ∧{χ} suh that,
d′ ω = ∇ω + χδ(ω) , ∀ω ∈ B
d′χ = −λ dv (8.17)
with λ dv as in lemma 20. By onstrution, every element of Ω′ is of the form
y = b0 + b1 χ , bj ∈ B (8.18)
One does not yet have a graded dierential algebra sine d
′2 6= 0. However,
with α as in lemma 20 one has
d
′2(x) = [ x, α] , ∀x ∈ Ω′ = B ⊗ ∧{χ} (8.19)
and one an apply lemma 9 p.229 of [8℄ to get a dierential graded algebra
by adjoining the degree 1 element X := “d1” fullling the rules
X2 = −α , xX y = 0 , ∀x, y ∈ Ω′ (8.20)
and dening the dierential d by,
d x = d ′ x+ [X, x] , ∀x ∈ Ω′
dX = 0 (8.21)
where [X, x] is the graded ommutator. It follows from lemma 9 p.229 of [8℄
that we obtain a dierential graded algebra Ω∗, generated by B, ξ and X . In
fat using (8.20) every element of Ω∗ is of the form
x = x1,1 + x1,2X +X x2,1 +X x2,2X , xi,j ∈ Ω′ (8.22)
and we dene the funtional
∫
on Ω∗ by extending the ordinary integral,
∫
ω :=
∫
M
ω , ∀ω ∈ Ω(M) (8.23)
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rst to B := Ω(M)×α ,L Z by∫
ξ W n := 0 , ∀n 6= 0 (8.24)
then to Ω′ by ∫
(b0 + b1 χ) :=
∫
b1 , ∀bj ∈ B (8.25)
and nally to Ω∗ as in lemma 9 p.229 of [8℄,
∫
(x1,1+x1,2X +X x2,1+X x2,2X) :=
∫
x1,1+(−1)deg(x2,2)
∫
x2,2 α (8.26)
Theorem 21 Let M = Fu, ∇, α be as in lemma 20.
The algebra Ω∗ is a dierential graded algebra ontaining C∞(M)×α ,L Z.
The funtional
∫
is a losed graded trae on Ω∗.
The harater of the orresponding yle on C∞(M)×α ,L Z
τ(a0, · · · , a3) :=
∫
a0 da1 · · · da3 , ∀aj ∈ C∞(M)×α ,L Z
is ohomologous to the yli oyle τ3.
It is worth notiing that the above alulus ts with [4℄, [12℄, and [11℄.
Now in our ase the line bundle L is holomorphi and we an apply Theorem
21 to its anonial hermitian onnetion ∇. We take the notations of setion
5, with C = Fu×Fu, and Q given by (6.20). This gives a partiular rational"
form of the alulus whih explains the rationality of the answer in Theorem
15. We rst extend as follows the onstrution of CQ. We let Ω(C,Q) be
the generalised ross-produt of the algebra Ω(C) of meromorphi dierential
forms (in dZ and dZ ′) on C by the transformation σ˜. The generators WL
and W ′L′ fulll the ross-produt rules,
WL ω = σ˜
∗(ω) WL , W
′
L′ ω = (σ˜
−1)∗(ω)W ′L′ (8.27)
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while (5.3) is unhanged. The onnetion ∇ is the restrition to the subspae
{Z ′ = Z¯} of the unique graded derivation ∇ on Ω(C,Q) whih indues the
usual dierential on Ω(C) and satises,
∇WL = ( dZ logL(Z)− dZ logQ(Z,Z ′))WL
∇W ′L′ = W ′L′ ( dZ′ logL′(Z ′)− dZ′ logQ(Z,Z ′)) (8.28)
where dZ and dZ′ are the (partial) dierentials relative to the variables Z and
Z ′. Note that one needs to hek that the involved dierential forms suh
as dZ logL(Z) − dZ logQ(Z,Z ′) are not only invariant under the saling
transformations Z 7→ λZ but are also basi, i.e. have zero restrition to the
bers of the map C4 7→ P3(C), in both variables Z and Z ′. By denition the
derivation δκ = ∇2 of Ω(C,Q) vanishes on Ω(C) and fullls
δκ(WL) = κWL , δκ(W
′
L′) = −W ′L′ κ (8.29)
where
κ = dZ dZ′ logQ(Z,Z
′) (8.30)
is a basi form whih when restrited to the subspae {Z ′ = Z¯} is the urva-
ture. We let as above δ be the derivation of Ω(C,Q) whih vanishes on Ω(C)
and is suh that δWL = iWL and δW
′
L′ = −iW ′L′ . We proeed exatly as
above and get the graded algebras Ω′ = Ω(C,Q)⊗∧{χ} obtained by adjoin-
ing χ and Ω∗ by adjoining X . We dene d′, d as in (8.17) and (8.21) and the
integral
∫
by integration (8.23) on the subspae {Z ′ = Z¯} followed as above
by steps (8.24), (8.25), (8.26).
Corollary 22 Let ρ: Calg(S
3
u
) 7→ CQ be the morphism of lemma 7. The
equality
τalg(a0, · · · , a3) :=
∫
ρ(a0) d
′
ρ(a1) · · · d ′ρ(a3)
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denes a 3-dimensional Hohshild oyle τalg on Calg(S
3
u
).
Let h ∈ Center (C∞(Fu ×σ,L Z)) ∼ C∞(Fu(0)). Then
〈h 3
2
(U), τh〉 = 〈h h3
2
(U), τalg〉
The omputation of d′ only involves rational frations in the variables Z, Z ′
(8.28), and the formula (7.5) for h
3
2
(U) is polynomial in the WL, W
′
L′ . We
thus obtain an a priori reason for the rational form of the result of Theorem
15. The expliit omputation as well as its extension to the odd ase and the
degenerate ases will be desribed in part II.
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